Starting from a knowledge of certain identities in the Lagrangian description, the diffeomorphism transformations of metric and connection are obtained for both the second order (metric) and the first order (Palatini) formulations of gravity. The transformation laws of the connection and the metric are derived independently in the Palatini formulation in contrast to the metric formulation where the gauge variation of the connection is deduced from the gauge variation of the metric.
Introduction
Classical description of gravity is best formulated by general relativity theory where gravity is treated as curvature of space time instead of an external force. In order to build up the whole formulation one needs to introduce two logically independent concepts, one is metric and the other is connection. Metric is a symmetric second rank covariant tensor which is used to define an invariant length on the manifold and the connection is introduced to map the vectors of different tangent spaces, which in turn is used to define the covariant derivative. Though these two concepts are entirely independent, in the standard version of general relativity one demands two conditions i.e. torsion free nature of connection and the vanishing covariant derivative of metric (metric compatibility condition) [1] . The violation of the first condition together with a general asymmetric metric leads to many theoretical results in which Einstein himself was very much interested [2, 3] . The second condition, in a special formulation of general relativity known as Palatini formulation, is not assumed apriori but derived as an equation of motion [4] . Though this formulation gives the same result as the standard general relativity in vacuum, it leads to distinct results when spinors are coupled to gravity [5] .
A relativistic description of classical gravity whether it is standard (metric) formulation or Palatini formulation is essentially based on the physical concept of general invariance principle. It is also known that the general theory of relativity is invariant under local Poincare transformation. Thus one argues that localization of Poincare symmetry leads to the principle of equivalence which is the central concept of all gravitational theories. In this approach each space time point is associated with a set of local inertial coordinates, mutually related by Lorentz transformation, which enables one to formulate the Poincare gauge theory of gravity [6, 7] .
But even without gauging the Poincare symmetry, the gauge (diffeomorphism) transformations of the fields can be obtained from the Einstein Hilbert action where the presence of gauge symmetry is indicated by the first class constraints of the theory. Following Dirac's algorithm [8] , generator of the gauge or diffeomorphism transformations can be constructed from a linear combination of the constraints which finally gives the diffeomorphism transformation of the metric field [9, 10] . An important tool in this formulation is the A-D-M (Arnowitt-Deser-Misner) decomposition [11] of space time where three space surfaces evolve along a time like direction. In fact it is well known that this decomposition plays a central role in all Hamiltonian formulations of general relativity.
A question therefore naturally arises whether it is possible to describe the diffeomorphism symmetries without recourse to the A-D-M decomposition. The point is that there is a Lagrangian version of discussing gauge symmetries using certain gauge identities [12] . These gauge identities involve the Euler derivatives and the generators of the gauge transformations. This approach has been used in various contexts [13, 14, 15] including noncommutative gauge theories [16] .
In the present paper we show the existence of certain identities for both the metric and the Palatini formulations. From these identities the diffeomorphism transformations of the basic fields are calculated in a systematic manner.
This paper is organised as follows. In Section 2 we give a short discussion on the general method of analyzing the gauge symmetry in the Lagrangian frame work. Non-Abelian gauge theory, both in its second and first order versions are taken as examples to illustrate the method. The second order formulation of metric gravity is discussed in Section 3, whereas the first order Palatini formulation is analyzed in Section 4. Section 5 is for conclusions and after that a short appendix is added.
General Discussion
It is a well known fact that a theory containing gauge symmetry possesses an identity involving the various Euler derivatives of the theory. This identity is called the gauge identity from which the gauge transformations of the fields can be calculated. We briefly discuss this method in the first part of this section for a general gauge theory and later we show how this method works for a non-Abelian gauge theory. The gauge transformations of the basic fields are calculated for both the second order and the first order (Palatini-like) forms of the theory.
To study the dynamics of a field from an action principle we consider a general Lagrangian involving only upto first order derivatives of the field of the form 1 ,
where α denotes the number of fields. Also, it contains all other (e. g. symmetry) indexes relevant for the problem. An arbitrary variation of this action is written as
The equations of motion are obtained by setting the Euler derivative L to be zero,
Now we vary the field q α in the following way
with η and ρ being the parameter and generator, respectively, of the transformation. Under this variation of the field, the variation of the action is written from (2) as
We define a quantity [12, 13] 
to write eq. (5) in the form
If the action does not change (δS = 0) under the field transformation (4) then it implies,
The last equality, which is called the gauge identity, must be true without use of any equation of motion. The gauge transformations of the fields are defined by eq. (4) with ρ being the generator.
To illustrate the use of this general formalism in a particular example, we consider the non-Abelian gauge theory to obtain the gauge transformations of the fields. We take the standard second order action,
where the definition of the field strength tensor
is given in terms of the gauge field
Here T a are the generators of a gauge group satisfying
The Euler derivatives are obtained by varying the action with respect to the A µ field,
The Euler derivatives L µa thus obtained are given by,
leading to the familiar equation of motion,
Here the covariant derivative D is defined in the adjoint representation,
2 We choose the representation where the structure constant f abc is antisymmetric in all indexes and Tr(
In order to obtain the gauge transformations it is necessary to find the gauge identity. This is easily done by observing, from the definitions of L µ and D, the following relation
This relation is true irrespective of the equation of motion of the fields and is referred as the gauge identity. Comparing this identity with the general form (6) we get the following generators [14] 
Using these expressions of the generators, we now obtain the gauge transformations of the A µ field from (4)
The gauge transformation of the field strength tensor F µν is calculated from the definition (10) and (22) ,
We now consider the first order action of the non-Abelian gauge theory
where A µ and F µν are treated as independent fields. Following the same method, the Euler derivatives are calculated by varying the action with respect to A µ and F
Invariance of the action (δS = 0) leads to the equations of motion
Note that eq. (26) which is the genuine equation of motion is identical with eq. (15) . The other equation (27) basically defines the field strength tensor. A gauge identity is also found similar to the second order formulation
which can be verified using the definitions of L µ and L µν . Expanding eq. (6) to explicitly write the two distinct Euler derivatives, we obtain the gauge identity as,
Comparing this with (28) the generators are found out to be
The first three generators (30,31,33) are same as the generators obtained in the second order formulation (19, 20, 21) . Eq. (33) gives the only new generator. The gauge transformations of the field A µ is now obtained from the relation (4)
The variation of the F µν is also calculated similarly
Using (12) we write the above equation as
In this way we obtain the gauge variation of the gauge field (A µ ) and the field strength (F µν ) in an independent manner for the first order formulation.
Metric Formulation
So far we were discussing the general method of analyzing the gauge symmetry in the Lagrangian framework and took non-Abelian gauge theory as our example to elaborate the whole procedure for both the second order and the first order descriptions. Now we are in a position to study the diffeomorphism symmetry of the general theory of relativity. In this section we study the second order formulation which is usually called the metric formulation. The less studied first order formulation i. e. the Palatini formulation, will be considered in the next section. The Einstein-Hilbert action which describes the metric formulation of gravity is given by,
where R µν is the Ricci tensor
The metric compatibility condition
defines the Christoffel connection in terms of the metric components,
Varying the action (38) with respect to the metric g µν we get the Euler derivative L µν i. e.
where the explicit form of L µν is written as,
leading to the usual Einstein's equation, L µν = 0. Now to find the gauge identity we recall the Bianchi identity [17] 
which follows from the definition of the Riemann tensor
Contracting λ with ν and µ with κ, in (44), using (40) we get
This contracted Bianchi which means that Einstein tensor G µν is divergence free is referred as the gauge identity in [18] . But the Euler derivative we defined in (43) is not G µν but √ −gG µν . So we take our gauge identity as,
The extra factor 2 is introduced for later convenience. In order to write the above eq. (47) in a more convenient way we note that, the definition of Γ (41) can be used to write the divergence of Einstein tensor
in the following form
Now using (40) and (49) we write the gauge identity (47) in the form
where we have used the important relation
In the metric formulation of gravity the analogy of (6) is expressed as,
Comparing this equation with the identity (50), we get the following expressions for the non vanishing generators
After getting the expressions for the generators it is now straightforward to calculate the diffeomorphism transformation of the metric g µν from the general equation (4) . We write eq. (4) for this formulation of gravity as
From the above equation we write δg 00 as,
Using the generators (53,54,55,56) in the above equation we get
Similarly all other components of the metric g µν can be calculated. Combining everything we write the variation as,
Above result expresses the gauge transformation of the metric field g µν . The variation of the inverse metric g µν is obtained easily from the above equation (66) by observing that
The expression of δg µν we thus find, is written as,
We next calculate the diffeomorphism transformation of the connection from its definition (41). Making use of (66) and (68) we find it to be
The gauge variations of the metric field and the connection are also derived in Appendix (eqs. 
Palatini Formulation
Similar to the first order formulation of the non-Abelian gauge theory there is also a first order version of the Einstein-Hilbert action [19] 
where g, Γ are now treated as independent field variables. The definition of R µν in terms of Γ is same as (39). In our present analysis we take g µν and Γ 
The expressions of the Euler derivatives L µν and E µν σ are given below
leading to the equations of motion,
The metric compatibility condition (40) can be derived from the second equation of motion [18] except for two dimension. The issues related to two dimension may be found in [19] . After obtaining the Euler derivatives we now give the gauge identity for the Palatini formulation
Note that in the metric formulation E µν σ is identically zero and eq. (76) reduces to the identity (50) which came from the double contraction of the Bianchi identity (44). It is worthwhile to mention that there is also a Bianchi identity [18] valid for Palatini formulation
The relation (52) is now rewritten to include the independent Euler derivatives as,
Using the explicit expressions for the Euler derivatives (72,73), the generators are read off by comparing (76) with (78), expectedly, the generators ρ µνα(s) are identical to the generators of the metric formulation, exactly as happened for the gauge theory. The expressions of the other generators are given below
These generators are now used to calculate the diffeomorphism transformation of the fields g µν and Γ ρ µν from the following equations
Since the generators ρ µνα(s) are same as the generators of the metric formulation of gravity, the gauge variation of the metric is same as (66). From eq.
(104) we write δΓ 0 00 explicitly
using (79,80,81,82,83) in the above equation we get
All other components of the connection can be calculated in a similar manner. The results thus obtained are written in the following way
Thus in the Palatini formulation, the gauge transformation of the connection is derived independently from the gauge variation of the metric. The same result is derived in Appendix (eq. (115)) using the transformation of the metric (66).
Conclusions
We have studied the diffeomorphism symmetries of the general relativity theory for both the second order (metric) and the first order (Palatini) formulations of gravity. Some identities were obtained from which the generators of the transformations were found. The diffeomorphism transformations of the metric and the connection for both approaches were systematically derived. The results thus obtained were compatible with each other. It is noteworthy that the A-D-M splitting, which is essential for discussing diffeomorphism symmetries, is bypassed. It is worthwhile to pursue the consequence of symmetry analysis for other approaches of gravity since it is a well known fact that Einstein-Hilbert action is not the unique action which is invariant under general coordinate transformation. Even for a more general Lovelock gravity formulation [20] it is shown that classical results obtained from metric and Palatini formulations are completely equivalent [21] . In presence of different other terms in an action (higher order gravity theory [22, 23, 24] ) apart from the standard Einstein Hilbert term, metric and Palatini formulations are not equivalent in general [25, 26] . For such an action the present symmetry studies may give new insights about the problem.
A Appendix
Here we give a brief derivation of the diffeomorphism transformation of the fields. Under a general coordinate transformation, g µν transforms as a covariant second rank tensor i. e. 
Now we consider an infinitesimal coordinate transformation
under which, we write from (108)
A Taylor expansion of the r. h. s. of the above equation, using (109), gives
Combining (110) and (111) we get
This can be written in a covariant notation also [27] δg µν = −∇ µ ε ν − ∇ ν ε µ
where the definition of connection (41) has been used. In a similar way the variation of the inverse metric g µν is also obtained
Using (112) and (114) it is now straightforward to calculate the diffeomorphism transformation of the connection from (41). We find it to be
This equation together with (112) give the gauge variation of the two most important quantities of general theory of relativity.
